We derive a relation between the peculiar velocity and the density parameter for a class of inhomogeneous three-dimensional solutions for the motion of dust in the framework of Newtonian cosmology. The domain of validity of these solutions is confined to the early non-linear regime of the formation of large-scale structure. We find that, despite of the solution's fully non-linear property, the QO.6-relation obtained in linear perturbation theory helds. This is also true for the approximate ansatz of pancake theory, (the 'Zel'dovich approximation'), which is formally contained in a subclass. In this sense, this paper forms a generalization of a recent paper on the onedimensional Zel'dovich solution and shows again that the non-linear corrections of the QO.6-relation depend very much on the special geometrical situation. § 1. Introduction Cosmic microwave background radiation (CMBR) observations in their standard interpretation now fairly well establish isotropy around us. Assuming that we are a typical observer, it follows that the Friedmann-Lemaitre-Robertson-Walker (FLRW) models, which assume spatial homogeneity and isotropy, should give a good description of our universe, in some averaged sense.
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Cosmic microwave background radiation (CMBR) observations in their standard interpretation now fairly well establish isotropy around us. Assuming that we are a typical observer, it follows that the Friedmann-Lemaitre-Robertson-Walker (FLRW) models, which assume spatial homogeneity and isotropy, should give a good description of our universe, in some averaged sense. 9 ) These models are parametrized by a few quantities, which -,--at least in principle-can be determined observationally.lO) Of course, our universe is not exactly homogeneous and isotropic. We observe structure on various scales and considerably large peculiar velocities. One· of the major problems in modern cosmology is to explain the formation and evolution of these structures within the standard cosmological models. The various scenarios for structure formation depend on the cosmological parameters. Thus, in principle, measurements of characteristic properties of the inhomogeneities allow us to draw some conclusions on the cosmological parameters. But, as the density contrast for galaxies or clusters of galaxies certainly is non-linear, it is difficult to find exact mathematical models. So far, most conclusions are based on linear perturbation theory on an expanding FLRW background, which is easy to handle, but not appropriate to describe structure at least up to the scale of clusters of galaxies. Thus, studies of non-linear models are necessary.
Very successful in describing various aspects of the large-scale structure is Zel'dovich's ansatz for an extension of linear solutions into the non-linear regime 18 ) until shell-crossing, i.e., up to the occurrence of multiple streams in the flow at the time t=tc (tc is the critical time of occurrence of a density singularity on a given particle trajectory). This regime can be related to the early non-linear stage for the formation of large-scale structure in standard cosmological scenarios.1 4 ),16) In the onedimensional case, it is a (special) exact solution of the Euler-Poisson system for Newtonian cosmology with zero pressure (an indirect proof has first been given by Ref. 8) ). Thi~ solution forms a subclass of, in the sense of a well·posed initial value problem, general solutions,3) which allow for two initial functions to be given independently.
One of the cosmological parameters, we are especially interested in, is the density parameter Q, the ratio between the mean and the critical density. Q, via the expansion rate, has impact on the evolution of density perturbations and peculiar velocities, u, i.e., deviations from the Hubble flow. By comparing observations of the peculiar velocities with models for the corresponding density fluctuations, estimations of Q can be made.
The numerical values for Q obtained by an analysis of measured brightness distributions vary quite strongly, e.g., Q=O.09±O.04 is derived from the infall to the Virgo Cluster,7) and Q=O.85±O.16 from the IRAS galaxies.l7) These values depend on the assumption that luminosity traces matter, and thus also reflect our ignorance concerning the relation between the luminous and the dark matter distribution. Another basic limitation in this determination of Q lies in the simple theoretical models used to derive u-Q-relations. The famous Qo.6-relation is often used, which was derived under the assumption that the density contrast on a homogeneous background is much smaller than unity.l3) Sometimes a spherically symmetric model is considered with non-linear corrections to this expression. 6 ),7) . In reality, however, the structure observed is neither a result of a linear process, nor appropriately described by a spherical symmetric flow. Indeed, self-gravitating dust flows in general show strongly anisotropic behavior as the density contrast becomes large (see, e.g., Ref. 12), and many numerical investigations). Thus, studies of oth~r non-linear models are indispensable.
For the evolution of one-dimensional inhomogeneities in a three-dimensional FLRW universe described by the Zel'dovich solution, the relation between the peculiar velocity and Q recently was shown to be the same as the QO.6-relation obtained in linear perturbation theory in spite of the fully non-linear nature of the problem. I5 ) By linear perturbation theory on the background of this one-dimensional, non-linear universe a correction term dependent on the local density excess was derived for the velocity components perpendicular to the direction of structure formation in the background.
)
We show that the QO.6-relation also holds for the non-linear solution given by Ref. 3) and especially that the result of Ref. 15 ) is not only true in the one-dimensional, but also in the three-dimensional case, where Zel'dovich's ansatz forms the basis for many scenarios for the formation of large-scale structure. An important reason why we advocate Zel'dovich-type approximations in contrast to, e.g., spherically symmetric models, is that this type of description is capable to model strongly anisotropic motion, (which is idealized by the solution class investigated in Ref.
3)), and result~ in generic triaxial structures observed in the universe. Moreover, the agreement between the analytical model and numerical simulations of the Euler-Poisson system is impressive and holds in the early non-linear regime of structure formation, which is appropriate in most situations as far as the large-scale distribution of matter is concerned. § 2. The solution and its u-Q-relation
Consider an ideal, pressure-free fluid on an FLRW background. As the linear size of the inhomogeneities is much less than the horizon size, the use of Newtonian physics is justified.
ll )
Thus, the local structure on the expanding background is determined by the fields of the density P or the density contrast o:=(p-Pb)/Pb, the peculiar velocity u, and the peculiar gravitational acceleration w = it + (ti fa) u or, equivalently, the peculiar gravitational potential (/) with w = -(l/a) [7 (/) , for which the density excess PbO is the source. The function a is the scale factor of the FLRW background mode!/) and Pb is an averaged background density. The peculiar parts are separated from the background by a transformation to comoving coordinates of the background model, and are governed by the Euler-Poisson system of equations: 
q=F(X, t)=X + a(X)ga(t) + /3(X)gfJ(t) .
(
The initial fields a(X) and /3(X) are functions of the Lagrangian coordinates X and are linear combinations of the initial peculiar velocity and acceleration fields. These fields are constrained according to initial conditions in order to make (2) an exact solution. The constraints are given explicitly in Appendix B of Ref.
3). They show that the initial potentials for the peculiar gravitational field strength and the peculiar velocity are restricted such that they have to be composed of 2-surfaces W, 
The peculiar velocity is given by u=aF. (4) Closed-form expressions for the modes ga and gP have been given for the non-linear evolution of perturbations in three background models (K =0,
where K is the curvature parameter of the FLRW background and A is the cosmological constant. In terms of a new, dimensionless time variable T with 1 dt dT=To a2(t) the modes are given by3) and
ga=T(T 2 +K)mK (T)-( T2+ ~K)-I, gP= T(T2+ K)-1 m(-l)(T):=Arctanh(T) ,

m(O)( T): =y+ T 5 , m(+l)(T):=Arcctanh(T)-Jr .
The peculiar velocity is and the peculiar gravitational acceleration (H:= a/a is Hubble's function):
(6a) (6b)
For large times, (t~tc), (l+gP)/(1+ga)~El and (gPjga)~E2 with El, E2<tl, where tc is the critical time of occurrence of a density singularity along a given particle trajectory. This is evident, because the solution (2) involves a decaying mode, which is numerically negligible at the critical time. Thus (10) This same expression is obtained in linear perturbation theory. As (1 + ga) also obeys the same differential equation (3) as the time dependent part of the density perturbation in linear perturbation theory, we obtain a u-Q-relation of the same form as in linear perturbation theory:
u= 3~QQO.6W.
We refer to the numerical fit 13 ) for the identity (I/H)(gt/(1 +ga»~Qo.6. For a mean density close to the critical density, this relation can also easily be checked analyti-. cally. Using the dimensionless representation (6), the identities Q( T)=( T2+ K)/T 2 and Q=l/(1-x)~l+x (K=+l) or Q=i/(l+x)~l-x (K=-l), an expansion with respect to x gives
As Zel'dovich's ansatz can be formally considered as a subclass of the solution (2) by putting P(X)=O, i.e., u(X, t=to)=w(X, t=to)to, Eq. (11) also holds for the three-dimensional 'Zel'dovich approximation'. All properties of the linear theory can be extrapolated to properties of non-linear solutions or approximations, respectively, of the form (2) because of an intrinsic relation of the solutions (2) to theJinear theory of gravitational instability demonstrated in Ref.
3) in the form of an 'extrapolation theorem' proving the so-called 'Zel'dovich formalism' of extrapolation. We underline that this intrinsic relation is non-trivial, because it is not a priori clear that equations for a fully non-linear system can be reduced to a system of linear differential equations, which is possible in the present case. 4 ) We emphasize that the neglection of the decaying mode gp, which is numerically small for sufficient large times, is not sufficient to reduce the general form of the trajectories (2) to 'Zel'dovich's approximation'.3) § 3.
Conclusions
We have shown that the well-known u-Q-relation derived in linear perturbation theory also holds for a class of non-linear solutions in Newtonian cosmology and especially for the three-dimensional appproximate ansatz of pancake theory, the 'Zel'dovich approximation', valid in the early non-linear regime of structure formation.
There are special geometrical configurations for which in the non-linear case correction terms to this expression have been derived. Our result, once more, shows that these correction terms depend strongly on the special geometry considered, even the Qo.6-relation being valid in some non-linear situations. Thus, only if the geometrical situation for a special observation is well understood, an accurate estimation of Q can be expected by means of observations of peculiar velocities. We emphasize that this relation depends on the parallelity of velocity and acceleration fields, which, here, is asymptotically valid. Physically we can expect such a situation if the velocities are initially not considerably larger than the density fluctuations at corresponding space points: Initially divergent velocity fields at density peaks (which are allowed in models of the general form (2», are then brought to convergence by the gravitational forces producing parallel fields at sufficiently large times. In the case of rotational flows (produced, e.g., in shock configurations), the velocity vectors deviate from the center of mass motion determined by the gravitational field strength g. Also, the impact of vorticity in the initial conditions on the formation of intermediate-and small-scale structures is not negligible as a result of non-linear coupling of vorticity to the growing density mode. 4 ), 5) This result is in contrast to the known result of the linear theory, in which vorticity decouples from the density evolution and dies out due to the universal expansion. In spite of this, we expect rotation to be mainly a small-scale phenomenon. Thus, the u-Q relation may not be strongly affected above the cluster scale. Still, we warn the reader to apply this relation on scales below the cluster scale for this reason. We, once more, stress the far reaching implications of the validity of the u-Q relation in the'type of models considered by referring to the fact that the approximations are well in accord with N-body simulations within the regime of validity of the models.
